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Abstract. In 1968, Simons [9^ introduced the concept of index for hypersur- 
faces immersed into the Euchdean sphere S""'"'^. Intuitively, the index measures 
the number of independent directions in which a given hypersurface fails to 
minimize area. The earliest results regarding the index focused on the case of 
minimal hypersurfaces. Many such results established lower bounds for the in- 
dex. More recently, however, mathematicians have generalized these results to 
hypersurfaces with constant mean curvature. In this paper, we consider hyper- 
surfaces of constant mean curvature immersed into the sphere and give lower 
bounds for the index under new assumptions about the immersed manifold. 



1. Introduction 

The index of minimal hypersurfaces immersed into the Euclidean sphere S"+^ 
appeared in the seminal work of Simons [5]. Intuitively, the index measures the 
number of independent directions in which the hypersurface fails to minimize area. 
In this paper, Simons proved, among many results, that the index of such hypersur- 
faces is greater than or equal to one, with equality only at totally geodesic spheres. 
Later, Urbano [10] established the lower bound for the case of minimal surfaces into 
the Euclidean sphere §'^. Indeed, he proved that the lower bound is attained on 
the Clifford torus. Following Urbano's result. El Soufi [5] proved that the index of 
a compact non-totally geodesic minimal hypersurface of the sphere not only must 
be greater than one, but in fact, must be greater than or equal to n + 3 which cor- 
respond to the index of a minimal Clifford torus. Therefore, we have the following 
result. 

Theorem 2.2 [El Soufi]. Let S" he a compact orientable minimal hypersurface 
immersed into S"+-'^. Then 

(1) either Ind{T,) — 1 (and Y} is a totally geodesic equator §" C S"^^^); 

(2) or Ind{T.) > n + 3. 

On the other hand, apart from totally geodesic equators of the sphere, the easiest 
minimal hypersurfaces in §"+^ are the minimal Clifford tori. For that reason, it has 
been conjectured that the minimal Clifford tori are the only minimal hypersurfaces 
of the sphere with index n -1- 3. Thus, we have the following. 

Conjecture 1. Let E" he a compact orientable minimal hypersurface immersed 
intoW'+^. Then 
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(1) either Ind{Yi) = 1 (and Yi is a totally geodesic equator §" C §"^"'^j; 

(2) or Ind{Y,) > ri + 3, with equality if and only ifT, is a minimal Clifford torus 



This conjecture has not yet been proven, but many mathematicians have solved 
some particular cases. For instance, as pointed out Urbano [10] proved that this 
conjecture is true when n = 2. Later on, Brasil, Delgado and Guadalupe, [4] showed 
that the conjecture is true for every dimension n provided the scalar curvature is 
constant. But, in fact, this follows from a early result due to Nomizu and Smyth 
[7j- On the other hand, Perdomo [H] has also showed that the conjecture is true 
for every dimension n with a hypothesis about the symmetry of the hypersurface. 
More exactly, he proved. 

Theorem 1.3 [Perdomo]. Let E" be a compact orientable minimal hypersurface 
immersed into §"+^, invariant under the antipodal map, and not a totally geodesic 
equator. Then Ind{T,) > n + 3, with equality if and only ifT, is a minimal Clifford 
torus. 

In his paper, Perdomo observed that the symmetry assumption seems weak be- 
cause all of the many known embedded minimal hypersurfaces in dimension bigger 
than 3 of the sphere do have antipodal symmetry. 

Besides minimal hypersurfaces of S""'""'^, a natural generalization is the case of 
hypersurfaces with constant mean curvature (CMC) hypersurfaces. In this case, it 
is more natural geometrically to study the weak index of such hypersurfaces. 

Barbosa, do Carmo and Eschenburg [5] proved that totally umbilical round 
spheres §"(r) C §"+^ are the only compact weakly stable CMC hypersurfaces 
in S""^^. It has also been proven that the minimal Clifford tori have weak index 
equal to n + 2 when regarded as CMC hypersurfaces. These results lead us to a 
natural conjecture. 

Conjecture 2. Let E" be a compact orientable CMC hypersurface immersed into 
§"+1. Then 

(1) either IndxiT,) — (and T is a totally umbilical sphere in W^^^); 

(2) or IndT{T) > n + 2, with equality if and only ifT. is a CMC Clifford torus 



As was first done on the minimal case, recently. Alias, Brasil Jr. and Perdomo 
[2] showed that this conjecture is true under the additional hypothesis that the 
hypersurface has constant scalar curvature. 

In this paper, we shall present a lower bound for the index of a CMC hypersurface 
under an additional hypothesis on the second fundamental form. More exactly, we 
obtain the following result. 

Theorem 1. Let x : E" ^ S"^^ be a CMC isometric immersion of a compact 
oriented manifold E". Assume that \ A\'^ — 2nH^ > 0. 





(1) IfH = ±l then LndT{T'')> n + 2. 

(2) // \Vly\^dE >nj^ lldT. and \H\ < 1, then IndriT") >n + 2. 

(3) If |V/„|2dE < nf^lldT. and \H\ > 1, then IndrlT'') >n + 2. 
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2. Background 

Let us consider tp : S" ^ a compact orientable hypersurface immersed into 

the unit Euchdean sphere S""*"^. We wiU denote by A the shape operator of E with 
respect to a globahy defined normal unit vector field N . That is, A : X{Y,) X{Yj) 
is the endomorphism defined by 

(2.1) AX = ~VxN = ~VxN, X e X{Y) 

where V and V denote, respectively, the Levi-Civita connection on M"+^ and S"+^. 
The mean curvature of E is defined as 

H = -tr{A). 
n 

If V denotes the Levi-Civita connection on E, then the Gauss formula for the 
immersion tp is given by 

(2.2) VxY = VxY - {X, Y)^ = W xY + {AX, Y)N ~ {X, Y)ip 

for every tangent vector field X,Y E A'(E). The covariant derivative of A is defined 

by 

VA{X, Y) = {VyA)X = Vy{AX) ~ A{VyX),X, Y e X(Y.), 
and the Codazzi equation is given by 

(2.3) WA{X,Y) = WA{Y,X) 

for any X,F G A'(E). 

Every smooth function / G C°°(E) induces a normal variation </?t : E — + §"+^ of 
the original immersion if, given by 

<pt = cos{tf{p)Mp) + sm{tf{p))N{p). 

Since (po — ip is an immersion and this is an open condition, there exists an e > 
such that every pt is also an immersion, for \t\ < e. Then we can consider the area 
function A : (— £, e) — > R given by 

A{t) = Area(Et) = / dEj, 

where Ej stands for the manifold E endowed with the metric induced by <pt from 
the Euclidean metric on S""*"^, and dEj is the n-dimensional area element of that 
metric on E. The first variation formula for the area ([6], Chapter 1, Theorem 4) 
establishes that 

(2.4) ^'(0) = I [A{t\^, ^ -n fHdi:. 

The stability operator of this variation problem is given by the second variation 
formula for the area ([6j, Chapter 1, Theorem 32), 

(2.5) ^"(0) = ^ [A{t)],^, = -J^ /(A/ + \A\^f + nf)d^ ^ - fjfd^. 

Here, J — A + \A\'^ + n is the Jacobi operator, where A stands for the Laplacian 
operator of E and = tr(A^). 

When working with constant mean curvature hypersurfaces, it is often convenient 
to use the traceless second fundamental form given by ip = A— HI, where / denotes 
the identity operator on X{'il). 
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As a consequence of the first variation formula for the area 12.41 we have that 
S has constant mean curvature (not necessarily zero) if and only if A'{0) = for 
every smooth function / € C°°(E) satisfying the additional condition /dS = 0. 

The Jacobi operator induces the quadratic form Q : C°°(S) — > M acting on the 
space of smooth functions on S defined by 

Qif) = - / fJfd^. 

There are two different notions of stability and index, the strong stability and 
strong index, denoted by Ind{T,), and the weak stability and weak index, denoted 
by IndxiT,). Thus, the strong index is 

/nd(I]) = max{dimT/ : V C C^(Y.), Q{f) < 0, V/ G V} 

and S is called strongly stable if and only if Ind{Yj) = 0. On the other hand, the 
weak index is 

IndriT.) = max{dimy : V C C|?(E), Q{f) < 0, V/ £ V}, 

where 

C|?(E) = {/ G C°°(S) ■■ jjd^ = 0}, 
and E is called weakly stable if and only if Indr'^ = 0. 

2.1. Preliminary Calculations. Let : E" ^ 8"+^ be a constant mean curva- 
ture isometric immersion of a compact oriented manifold E" . For a fixed arbitrary 
vector V G R"+^, we will consider the support functions ly — {(p, v) and — {N, v) 
defined on E. A standard computation, using equations l2.1l and l2.21 shows that the 
gradient and the Hessian of the functions ly and fy are given by 

(2.6) Vly = 

(2.7) V\{X,Y) := (VxV/,,r) = -ly{X,Y) + fy{AX,Y) 
and 

(2.8) V/, = -A{v^) 

(2.9) V^fy{X,Y) := (VxS/fy,Y) - -{VAiv^ , X).Y) +ly{AX,Y) - fy(AX, AY) , 

for every tangent vector field X,Y ^ ^{^)- Here, v'^ = v — lyip — JyN G '-t'(E) 
denotes the tangential component of v along the immersion ip. 
Equation 12.71 directly yields 

A;^, = tr{V'^ly) = -nly + nHfy. 

Using the Codazzi equation 12.31 in equation 12.91 we also obtain 

A/„ = _n(i;^, VH) + nHly - l^p/.- 

In particular , if is constant we have 

A/, = nHly - 

From here, a direct calculation yields 

Jly = \A\''ly+nHfy 

and 

Jfy = nHly + nfy. 
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3. Results 

Consider the function ^p^ = ly — Hfy. Since |0p — \A\'^ — nH'^, we obtain 

Jipv = \4>\'^iv 

and 

/ ifjyd^ = 0. 

Then a straightforward computation yields 



(3.1) Q{4>V) = - f l^P^'dS + / \<j)\^HlyfydJ:. 

Proposition 1. Let ip : T," ^ be a constant mean curvature isometric im- 

mersion of a compact oriented manifold E". //ei, . . . , e„+2 stand for ttie canonical 
vector field o/M"+^, then 

n+2 » 
^=l 

Proof. First, notice that equation 13. II yields 

n+2 „ n+2 „ n+2 

i=l "^^ i=l "^^ 1=1 

Taking into account that 

(n+2 n+2 \ n+2 n+2 

i=l j=l I i=l i=l 

and 

(n+2 n+2 \ n+2 n+2 

^(x,e,)e,,^(7V,e,)ej\ = ^(x, e,)(iV, e,) ^Y^l.J,^ 

i=l j=l I i=l i=l 

we arrive at 

n+2 



which finishes the proof of proposition. □ 

Corollary 1. Let ip : S" ^ S"^^ &e a constant mean curvature isometric im- 
mersion of a compact oriented manifold S" . Then, up to totally umbilical spheres, 
Indri^) > 1. 

Proof. If S" is not totally umbilical, then |0p > 0. Thus, 

n+2 

i=l 

SO there is at least one V'ei such that Q{ipei) < 0. Hence, IndTiT,) > 1. □ 
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3.1. Main Result. Our main result is the following theorem. 

Theorem 1. Let (p : S" ^ §"+^ be a constant mean curvature isometric immer- 
sion of a compact oriented manifold S". Assume that |Ap — 2nH^ > and E" is 
not totally umbilical. Then the following are true. 

• If H ^ ±1, then IndriT:^) >n + 2. 

• // /j, iV^^pdS >nj^ lldY, for all v G M"+2 and \H\ < 1, then IndriY^") > 
n + 2. 

• // /j, iV^^pdE <nj^ lldY, for all v G M"+2 and \H\ > 1, then /ndT(S") > 
n + 2. 

Our first objective is to show that if W = span{V'ei}"Ji^, where {ci}"^^ is the 
canonical frame of M""'"^, then (up to totally umbilical spheres) dimM^ ~ n + 2. We 
will then use this fact to prove our main result. 

Lemma 1. Let ip : S" ^ 8"+-'^ be a constant mean curvature isometric immersion 
of a compact oriented manifold S" . Then, up to totally umbilical spheres, dim W = 
n + 2. 

Proof. Let us suppose that {ij^ei , ■ • ■ , '/'e„+2 } is a dependent set, where {ei , . . . , e„+2} 
is the canonical frame of M"'^^. Then, there exist non-null real constants ai, . . . , an+2 
such that 



Thus, considering v = Y17=i ^i^i^ conclude that 1^ = Hfv We then know that 
= A(Z„ - Hf^) = -nl^ + nHf^ + H\A\^f^ - nHH^ = \(t>\H^. We now claim 
that this yields |0p = 0. Indeed, if there exists some p S S such that 0, 
then there is a neighborhood U of p such that ^ for all q £ U. Thus, 

lv{q) — for all q €U. Hence, = S""*"^ on U. Since H is constant, we have 

(p(S") = so is totally umbihcal. Therefore, we have \(j>\'^ = 0. But this 

also implies that <^(5]) is totally umbilical. Hence, up to totally umbilical spheres, 
{ipen ■ ■ • 7 ^£,,+2} is an independent set. □ 

We now prove the main theorem. 

Proof. By Lemma [U it suffices to show that Q{ipv) < for all v £ R"+^. We 
observe that ly^fv — —\A\'^lvfv + nHl^, so 



Also, by Green's formula and the compactness of S", lyAfydl] — fyAl^dT,, 
so 



n+2 
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Therefore, we have the foUowing. 

Js JT 



= - I \(j}\Hld^ + I H\A\%f,d^ -n I HXUd^ 

= - I \(j)\^lldJ:- H I /„A/„dE + Tii/^ / lldT^-nH^ j l^f^dY. 

■/S ■'S •'S •'S 

= - /" |<^P?^dS + nH{l - H^) I l^f^d^ + nH^ j {ll - fl)dT. 
= - / - 2n)/^dS - n /" /^dS 



where the last two inequahties conie from our assumptions that H ~ ±.1 and 
- 2nij2 > 0. If ^ for aU w e then we have Q(V't,) < for aU 

ipv G M^, as desired. Now, if Z^, = for some v, then by ([7], Theorem 1) we 
know that S" is totahy geodesic. This concludes the proof of the first part of the 
theorem. To prove the second and third parts of the theorem, let us consider the 
expansion 

Q(V'.) = - / (I'/'P - nH^ld^ - nH^ j f^d^ + nH{l - H"") j hUd^. 

By our assumption that \A\'^ > 2nH^, we know that — /^d^P — nH^)lld'E, < 0. 
Also, if S" is not totally geodesic, —nH^ /^rfS < 0. We now want to estimate 
the third term in the expansion. To do this, recall that 

Iv^lv = -nil + nHfJy 

and 



Then 



nH j fjydj: = - j |VZ^pdS + n / lldT.. 
Using the hypotheses in the second and third parts, we find that 

nH{l - H^) [ fJydT. < 0. 

JT 

Hence, under our assumptions, Q{'>pv) < for all v, so the second and third parts 
are proved. □ 
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